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Section |

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

2 2
1 What is the eccentricity of the hyperbola «%_%: 1?

(A)
(B)

(©)

S5 -lg vl vl

(D)

2
X

dx results in
2
Al —x

2  The substitution of x = sin@ in the integral

O — | —

[35]

(A) 46

cosd
.2
sin @ dé

(B)

sin &

(©)

cosd

RN e s = o —m =

D) |sin°6 do

o —



3 The Argand diagram below shows the complex number z, represented as a
vector, along with the unit circle.

Which diagram best illustrates the vectors representing Jz_ ?

(A) (B)

(©) (D)

4  Thecircle |z -3 — 2i|= 2 is intersected exactly twice by the line given by

(A) -3 -2i=|z—5|
(B) E—i=lz+1]
(C) Re(z)=5

(D) Im(z)=0



5 If ix_y: \/2x6 + 1 and y = 5 when x = 1, then the value of y when x = 4 is given by

4

(A) J (J2x6+ 1 +5)dx

1

4
(B) JJ2x6+1dx+5
1
4

() Jl (J2x6+ 1 _5) dx

4
(D)Jd2x6+1dx~5

1

1
6 Thegraphof y=——>——"——"hasasymptotesat x =-5and x = 3.
ax +bx+c

. . L 1 .
Given that the graph has one stationary point with a y value of —g , it follows that

(A) a ,b=

_.
-
o
Il
[

1
2

(B) a

1
2’
C) a=1,b=2,c=-15

(D) a=1,b=-2,c=-15

7  The polynomial equation X —3x" +2=0 has roots @ , fand y .

What is the value of @ + ﬁ3 + y3 ?
(A) 9
(B) 13
(C) 21
(D) 25



8 The base of a solid is the circle x° + yz = 4 . Every cross section of the solid taken
perpendicular to the x axis is a right-angled, isosceles triangle with its hypotenuse
lying in the base of the solid.

Which of the following is an expression for the volume of the solid?

2

J(4 —x7) dx

)

(A)

=

B) | @-x)dx

—_—t

)

2
(C) 2J @ —x) dx

J

2
2
(4—x) dx

2

(D) 4
9 A particle of mass 1 kg is projected vertically upwards from ground level with a

velocity of u m/s.

The particle is subject to a constant gravitational force and a resistance which is
proportional to twice the square of its velocity v m/s, (with k being the constant of
proportionality).

Let x be the displacement in metres from the ground after t seconds and let g be the
acceleration due to gravity.

Which of the following expressions gives the maximum height reached by the
particle?

0
1%
(A) J—2 dv
g+ 2kv

0
v
® |— =
g—2kv”

%
©) E—"
g+ 2kv
0
[y
(D) S dv
Y g—2kv



10 Marudan has 10 jellybeans left in a jar, 5 black, 3 red and 2 yellow. He chooses 2
jellybeans at random and puts them in his pocket.

Later he takes one jellybean out of his pocket and sees that it is black. What is the
probability that the jellybean that is left in his pocket is also black?

(A)

(B)

(©)

Clh 9o O

(D)

o | =

END OF SECTION |



Section |1

90 marks
Attempt Questions 11 — 16
Allow about 2 hours 45 minutes for this section

Answer each question on the appropriate answer sheet. Each answer sheet must
show your BOS#. Extra paper is available.

In Questions 11 to 16, your responses should include relevant mathematical
reasoning and/or calculations.

Marks
Question 11 (15 marks) Use a separate answer sheet
dx
(@ Evaluate I— 2
xhx
(b) z=p+ 2i,wherepisareal number, and w = 1 — 2/ represent two complex
numbers
(1) Find Z in the form a + ib where a and b are real. 1
w
(i)  Given that Zl=13 , find the possible values of p. 2
w
(c) The roots of the equation 27 37 +8+5=0are a , Fand y . 2
Giventhat =1+ 2i,find g and y .
(d) (i) On an Argand diagram sketch the locus of z represented by |[z—3 |=3 2
(i)  Explain why arg (z - 3)= 2argz 1

Question 11 continues on page 8



Marks
Question 11 (continued)

(e) 2

The points A and C represent the complex numbers 1 + i and 7 + 3i
respectively.

Find the complex number w , represented by B such that A4BC is isosceles
and right angled at B.

(f) (i) Express (5 - £)2(1 + i) in the form a + ib where a and b are real. 1

. -1 7
(i)  Hence, prove that tan — + 2tan

End of Question 11



Question 12 (15 marks) Use a separate answer sheet

(@) Using the substitution ¢ = tan% , or otherwise, evaluate

x+1

(b) Find Jz— dx
Nx +4x -3

(c) The diagram below is a sketch of the function y = f(x) .

The linesx =0,y =0andy = 1 are asymptotes.
YA

Draw separate one-third page sketches of the following curves, clearly
indicating any important features such as turning points or asymptotes.

() y=/4-x)
(i) y=Jl
(i) y=¢

(d) (1) Showthatfora>0andn # 0, log, x = L log, x
n

(i)  Hence evaluate log, 3 + log, 3 + log,, 3 + log,ss 3 + ...

Marks



Question 13 (15 marks) Use a separate answer sheet

(a)

(i)
(i)

(b)

(i)

(i)
(iii)

(©)

(i)

(i)

(iii)

2 2
. Xy .. 1 .
The ellipse = +=5 =1, where a>b >0, has eccentricity ¢ = 5 . The point

a
P(2,3) lies on the ellipse.

Find the values of a and b.

Find the foci and the directrices of the ellipse.

Let @, f and y be the roots of the cubic equation XA+ Bt 8=0 ,
where A and B are real. Furthermore o~ + /5’2 =0 and /5’2 + ;y2 =0.

Explain why £ is real and both a and y are not real.
Show that a and y are purely imaginary.
Find A and B.

The arc defined by y=¢",0 < x < 1, is rotated about the x-axis to form
a curved bowl.

4\ A
[
Nl

Using the method of cylindrical shells, show that the volume ,V, of
the solid that makes the bowl is given by
V=rme - 27{[}?]}]}2 dy
1

Find the volume, leaving your answer in exact form.
1

Use the result in part (ii) to evaluate Jez“ dx

0

-10 -

Marks



Marks
Question 14 (15 marks) Use a separate answer sheet

(@) (i) Use De Moivre’s Theorem to prove that if z= cos@ + isiné , then 1
2cosnf =z" + -
Z!

(i)  Hence, or otherwise solve the equation Sxt o1+ 16x° - 1x + 5= 0 3

(b) Inthe diagram, the two circles intersect at A and B. P is a point on one circle.
PA and PB produced meet the other circle at M and N respectively. NA
produced meets the first circle at Q. PQ and NM produced meet at R. The
tangent to the second circle meets PR at T.

R

Copy or trace the diagram into your answer booklet.

(i) Show that QAMR is a cyclic quadrilateral.
(i) Showthat TM = TR

Question 14 continues on page 12

-11 -



Question 14 (continued)

(c) The tangents to the curve xy = ¢’ at the points P(cp,%j and Q(cq,%}

(i)
(ii)
(iii)
(iv)

intersect at R. The chord PQ passes through the point A( (J,?_c2 )

Show that 2cpg =p + g

Show that the tangent at P has the equation x + p2y = 2cp

Hence show that R has coordinates (M ) L)
p+q ptq

Hence, or otherwise, find the equation of the locus of R.

End of Question 14

-12 -

Marks



Marks
Question 15 (15 marks) Use a separate answer sheet

(@)

Diagram 1 Diagram 2

Diagram 1 shows the curve \E+ ﬁ: Ja . Diagram 2 shows the same curve and
its reflection in the y-axis.

(i) What is the equation of the function illustrated in Diagram 2? 1

(i)  Show that the area enclosed by the function and the x-axis, as illustrated in 2
2

Diagram 2, is given by a? units” .

(b) The atent is formed by draping material over a pole. The tent ends up being 3
metres in length and the base of the tent is a trapezium with parallel sides of 3
metres and 2 metres.

Slices are taken perpendicular to the axis of the tent, and it is noted that each 3
slice is similar to the region illustrated in Diagram 2 of part a).

Calculate the volume of the tent.

-13-



Question 15 continues on page 14

Marks
Question 15 (continued)
(c) Inan aerobatics display, Cynthia and Rebel jump from a great height and go
through a period of free fall before opening their parachutes. While in free fall at
speed v m/s, Cynthia experiences air resistance kv per unit mass, but Rebel, who
. . . 2k 2 .
spread eagles, experiences air resistance kv + = per unit mass.
g
(i) Using a force diagram, show that Cynthia’s terminal velocity is f m/s 2
(i)  Find Rebel’s terminal velocity. 2
(iii) Cynthia opens her parachute when her speed is i m/s. Find the time she 2
has been in free fall.
(d) Prove by mathematical induction that for all integersn = 0 3
a2
cos acos 2a cos 4a..cos 2 a= .
sina

End of Question 15

-14 -



Question 16 (15 marks) Use a separate answer sheet

(@ (i) How many five digit integers use the digits 1 and 2, and no other?
(e.0.11 221,21 212 but not 11 111 or 22 222)

(i)  How many five digit integers use exactly two different digits?

1

(b) Let 7, —JJ;(I —x) dx , where nis an integer and n = 0
0

(1) Show that 7, = I,
2n+3

1

(i)  Hence evaluate JJ‘_ (1- x)3 dx
0

(c) The positive integers x, y and z, where x <Y, satisfy
e +y3 .

where Kk is a given positive integer.
(1) Inthecase x + y =k, show that 2=k —3kx + 3%

47 — I’

(i) Deduce that is a perfect square

. 1
(iti)  Hence, or otherwise, deduce that ZkQ <7<k

(iv)  Use these results to find a solution of X+ y3 =207

End of paper

-15-

Marks
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Solution | Marks |

Comments

SECTION |

1. D-as y2 > (), focii are located on the y axis, thus
2 2
s> a +b

1 LS
2 6 5
2 D J x y J’ sin” @ 946 -
. D- > dx=|F——— X cos X=sin
Uﬁ—x" Us}'l—sinzé? dx=cos8d@8
whenx=({,6=0
T

£ x=>,0=
=fsin*9fn9 2 6

3. C- z=rcisl

J; = J;cisg 1

Thus the argument would be halved (eliminating A and B), as > 1 then Jr>1s0C

4. A-

Note:

e |z-3-2i| =|z-5|is the perpendicular
bisector of (3,2) and (5,0)

e Both Re(z) =5 and Im(z)= 0 are tangents to 1
the circle

e |z- i|=|z + 1| would miss the circle all
together (perpendicular bisector of (- 1,0)
and (0,1))

¥y 4
5 B - ch.{v = J.\I'vaﬁ + 1dx
5

>y
+

!
4
y—35= J‘ O+ 1dx 1

|
4

y=J.\J'2rﬁ+ ldx+5
1

6. A— ax’ +bx+c= a(x + 5)x - 3)

= a[xg + 2x - ]5)
This parabola will have a stationary point at (-1, — 8)
Noting that AOS is the average of the roots
v BallP 4 3= 15} 1
=—16a
1
a=—
| 2 15
a==,b=1,c= ——
3 2 2 2 2 3
7. C-ta -32a +6=0 Za=3 Ya =La)y-2Lap
Ia' -39+ 6=0 Zaf=0 = (-3) - 2(-0) 1

Ja =21 =9




Solution

Marks

Comments

Ax 2y

mg

i= gk
"dvj= B é-ﬁ-l\'vz)

H

'I’J‘
Jd =—J Sdv
0 gtkv

" 2
mx= — mg — 2mkv

0

u

H={ dv

rd
w8 + kv

10.B - As we know that one jellybean is definitely black, then we only need to consider
outcomes involving black jellybeans

P(BB given that jellybean is definitely B)=—————
(BB given that one jellybean is definitely B) I P(RR)

P(BB)

| ‘\Dll\-}
o

|
-1 |2




Solution | Marks | Comments
SECTION II
QUESTION 11
¢ 2 2 marks
11(a) Idi: Jﬂ u=Inx when x=e,u=1  Correct solution
xInx u dx 2 1 mark
£ . 1 du=— x=e ,u=2 2 e Finds the correct primitive
_ [hm}l x function i.e. In(Inx)
shod ¢ Changes the definite
integral via a correct
substitution
11(b) (l) £=P +2i x 1+_2" 1 mark
w 1-2i 1+2i o Correct answer
pt2pi+2i—4
= 1
1+ 4
_ p—4 N 2(p + ])“_
5 5
1) (i) |=|=13 2marks
w e Correct solution
1z] w13 1 mark
Jwl e Correctly finds the
pra_ 2 modulusofz,wori
P =841
p =841
11(c) As the coefficients are real, then complex solutions appear in conjugate pairs 2 marks
i.e. 1—2iisalsoaroot. o Correct answers
aﬁy:_é -'-ﬁ’=l—2:'and }/=__1 1 mark )
2 2 ¢ Uses conjugate root
1+ 2iY1 - 2y = — 3 2 theorem in an attempt to
2 identify the second root
Sy=— 3 o Correctly identifies one of
% the other two roots
y 2
11(d) (i) 2 marks
¢ Correct solution
1 mark
o Identifies the locus as a
2 circle
11(d) (ii) 1 mark
¢ Correct explanation
1
a=arg (z— 3)and f = argz
a=28 (£ at centre = £ at circumference on same "arc")
sarg(z—3) = 2argz
11(e) BA =i BC 2 marks
(1+i)— B=i[(7+ 3i)— B] e Correct solution
=7i—3—iB 1 mark
(1-iB=1+i+3-Ti e Recognises that the
_4-6i 1+i 2 rotation of a vector 90°
1—i 1+ anticlockwise represents
_10-2% the multiplication by i
2
=5-1i




Solution

Marks

Comments

11() (i) (5— iV (1 + i)= (25— 10i — 1)1 + 7)

1 mark
e Correct answer

= (24— 10i(1 + i) 1
=24-10i +24i + 10
=34+ 14
11(f) (ii) arg[(S ~ Y1+ fﬂ= arg(34 + 14i) 2 marks _
2arg(5 — i)+ arg(l + )= arg(34 + 14i) e Correct solution
-1 1 T -114 1 mark
<an [ B E) & 4 = 34 e Uses the properties of
i 17 2 arguments in a valid
—2tan §+ Z: tan 7 attempt to prove the result

17 11w
tan —+ 2tan —=—
17 5 4




Solution

| Marks |

Comments

QUESTION 12

2dt whenx=0,¢

+
<
|
[
~
=

Il

w3

2 (=t al
! =tan—
2

1+ 7 dr—ﬂ

- 2
1+t

Il

0

I
(=T
J3

3 marks

e Correct solution

2 marks

e Obtains the correct primitive
in terms of the substituted
variable

1 mark

e Obtains the correct integrand
in terms of the substituted
variable.

]J' 2x+ 4 ; J' dx

= dx -

2) P +ax—3 Jor+ 2y -7
= dx -3 ln‘x+2+\|'x2+4x— 3 |+ ¢

3 marks

e Correct solution

2 marks

e Successfully splits the original
integral into two new integrals

1 mark

o Completes the square in the

denominator

Creat du
e Creales ——
Ju

e Correctly uses standard
integral for their denominator,
after completing the square

12(c) (i)

2 marks

e Correct graph

1 mark

 Basic shape correct with most
of key features

Key Features

¢ Reflection in the line x = 2

e Vertical asymptote moves to x
=4

e Maximum turning point
between x=5 and x= 6

o Y-values of key features are
unchanged

12(c) (ii)

2 marks

e Correct graph

1 mark

e Basic shape correct with most
of key features

Key Features

e X-intercepts become critical
points.

¢ Horizontal asymptote remains
aty=1

e turning point stays with same
x-value

e double root becomes cusp

e single root becomes vertical
tangent




Solution

Marks

Comments

12(c) (iii)

2 marks

e Correct graph

1 mark

¢ Basic shape correct
with most of key
features

Key Features

e Horizontal asymptotes:
LHS becomesy =1,
RHS becomesy =e

e Point discontinuity at
the origin

o Vertical asymptote on
positive side of x= 0.

e Minimum turning point
has yvalue of 1

e Maximimum turning
point has y value > e

12(d) (i) y=log,x = x=(a")

ny

=a- s log x =
ny=log, x

L

n

log, x

1’ == logu X
n

1 mark
e Shows result correctly

12(d) (ii)
log, 3+ log, 3+ log,, 3+ log.s, 3+ ...=log, 3+ log,: 3+ log, 3+ log+ 3+ ...

1 1 1
=log.3+—-log,3+—log,3+—log, 3+ ...
g: > g: 4 £ 3 22

=log. 3 ]+—l+l+l+...
2 4 8

1
=log, 3 | 11
2

=2log, 3

2 marks

e Correct solution

1 mark

o Uses part (i) to
simplify all of the
terms in the given
expression.




Solution | Marks | Comments
QUESTION 13
v B 9 3 marks
13(a) (i) o= iz+ g e Correct solution
& 3 % ?2 2 marks
1 a-b S e Finds the value of a or
4 . a a 3 b
=4 — ap’ a =16 1 mark _
3 s p=9ln e Creates simultaneous
o == ' equations that could be
used to find values
13(a) (ii) focii: (xae,0)= (4 X l,UJ dircetrices: x = =~ 1 mark
2 e 1 o Correct answer
= (£2,0) x=+4x2
] ] 2 X = :l:8
13(b) (i) a  +28 +y =0,asx=0isnotaroot, then all of the roots cannot be real 1 mark
other wise this sum would have to be >0. * Valid explanation
As the coefficients are real, there must be an even number of complex roots, so
the only possibility is two complex roots, which would be conjugates. 1
2 2 2 2 2
However; @ = — f and y =—,6’2 > a =y
a ==y ,meaning if a is real, then so is £, yet there is only one real root
Thus g is real and both & and y are not real
13(b) (ii) @’ = 1 mark
a=+y 1 e Valid explanation
As they are conjugates, this is only possible if the real part is zero.
i.e. @ and y are purely imaginary
13(b) (i) Let a=ki, B=m,y= —ki 2 marks
kit+m—ki= -4 kim— kim— k7" = —Kmit=-8 » Correct solution
m=—4 B=i Em= 8 1 mark
e ;5’2 -0 o Evaluates A or B
55 s o |dentifies the roots of
k'iv+m =0 2 the equation
.*‘:'12 = kz
m =-8
m=-2,k=4+2
Thus A= 2and B= 4
13(c) (i) 3 marks
A e Correct solution
dy 2 marks
e Uses the method of
> > cylindrical shells
Y correctly
1 mark
Iy o Correctly establishes
’ the area of the cross-
Note: if using cylindrical shells for this problem, it is easier to calculate the sectional face or
“outside” volume and subtract from the surrounding cylinder. equivalent.
s 3 e Finds the volume of
A(y)=2mylny outside volume = lim Z2rryln ydy the_Surrounding
AV =2mylny dy Qi e cylinder
= ZHJ.ylny dy
1
s V= rr(ez}l}— outside volume
2
V=me —2m J.ylny dy
1




Solution Marks Comments
f.- 3 marks
13(c) (ii) V=me - 2m l*.?Im - v dy atly ==y » Correct solution
27 ’ 20 2 marks
! du=2 dv=vdv « Uses integration by
- e’ — 2?1{1 2 _ } y T parts to find the value
2 3 of the integral, or
— 2?{1 e l 2 _J equivalent
2 4 1 mark
—né -l + LA * Attempts to use
2 integration by parts, or
=£( 2 ]j w”-h.-‘ equivalent merit
2
13(c) (iii) Had we sliced perpendicular to the rotation instead of parallel 1 mark
] o Establishes result using
y= Njez-‘ dx their answer to part (ii)

0
1

H'J.e:" dx =§(,3 - 1)

0
1

J. 1\ {!Y=%( e l)

0




Solution | Marks | Comments
QUESTION 14
o oa ] s e 1 mark
L@ 0 =+ a (cis6) + (cis®) o Correct solution
= cis(n0)+ cis( — nB) 1
= cosnB + isinnB + cos(— n0)+ isin( — n0O)
= cosnB + isinnB + cosnB — isinn®
= 2cosnB
14(a) (ii) S 10X + 16 — 1lx+5=0 3marks
52 — 1+ 16— ﬂ+%= e Correct solution
¥ g 2 marks
s 1 1 e Correctly finding
S[X +_3] - “[‘Hj +l6=9 values for cos®
I(;f:osze — 22c0s0+ 16=0 * Correct solution for
5c0520 — 11cos0 + 8= 0 incorrect values of
10cos°0 — 5— 11cos® + 8=0 cos0
10cos 08— 11cos@+3=0 L mark
(5c0s8 — 3)(2c0s8— 1)=0 * Correctly finding the
3 I equation
cosB== or cos@=— 3 10c0s20 — 22cosB + 16=0
5 2 or equivalent
4 5 2
3 1
3 4. 3
axX=—+—71 or x=_%—1i
5 5 2 2
14(b) () £ RMA = 2z ABN (exterior £ cyclic quadrilateral = 2 marks
opposite interior £ ) e Correct solution
Similarly £ AQP = £ ABN (in cyclic quadrilateral ABPQ) 5 1 mark
s £ AQP = £ RMA e Significant progress
Thus exterior £ AQP is equal to the opposite interior £ RMA towards correct
i.e. QAMR is a cyclic quadrilateral solution
14(b) (ii) £ TMR = £ SMN (vertically opposite £ ‘s =) 3 marks
£ SMN = £ MAN (alternate segment theorem) e Correct solution
£ MAN = 2 PAQ (vertically opposite £ ‘s =) 2 marks
£ PAQ = £ TRM (exterior £ cyclic quadrilateral = e Correct solution with
opposite interior £ ) poor reasoning
+ £ TRM = 2 TMR o Significant progress
A TRM is isosceles (2 = «'s) 3 towards a correct
TM=TR (= sides in isosceles A ) solution
1 mark
e Progress towards a
correct solution
involving some
relevant logic
14(c) (i) c To=Mu 1 mark
——= —=2c e Correct solution
P f | P
cp—c cp—0
ff =P ! _ = 2cp
rqp—q) 5
11 —'DZCp 1
pqa P
2 2
—-p =pq—2pgq
-P=q—2cpq
2epg=ptgq




Solution Marks Comments
.
" ¢ _c-_Llo ¢ 2 marks
14() (i) Y= I pz( ) « Substitutes into point-
dy ' J 2 slope formula and
—=_= Py-Cp=—-Xx+cp arrives at the required
&y . X + py = 2cp result
,ody ¢ 5 1 mark
when x=2p., de 22 e Finds the required
1 cp slope
T
g
~required slope = — —
p
14(c) (i) x+pv=2cp 2 marks
4 a'v=2cc e Correct solution
T 2 1 mark
(pz = (f]}. o zcg) —q) = x=2cp— 2cp e Successfully finds the x
- _2c(p—q) rptq or y coordinate using a
’ %zr 9p—q) PO ol dad’ )b 2 ] valid method.
p= ptg . Su_ccessfully substitutes
T optg  2clp +pg _p-) R into one of the
x= -+—) tangents.
chq(p 9 ¢ Attempts to substitute
x= R into both tangents
Ptq 2
R[ 2cpq ‘ 2c ]
ptq ptq
OR
2, — 2cpq 2092 2% 12
X+py= + = 2Pe, 2¢q
p+q p+q *Tq)
ptqg ptq
—2cp(q + _2cq(p t4q)
P+q ptag
=2cp = 2cq
..as R lies on both tangents, it must be the point of intersection
. 2,
14(c) (iv) r= “cpq 1 mark
ptgq o Correct answer
pP+q
X=—
pt+q 1 Note: no penalty for

x=1
~ locus of R is x = 1, however as tangents cannot meet inside the hyperbola or

. . . 2
on the x axis, the locus is restrictedto y<c¢ ,y # 0

ignoring restriction on
locus.




Solution

| Marks |

Comments

QUESTION 15

15(a) (i) A reflection in the y-axis would be represented by y = f{| x |
So the function in Diagram 2 is Jm + J)_ ~da

1 mark
e Correct answer

a

15(a) (i) 4= 2-( Ja—dxy dx

0
a

Wa
2> 4
3

=2|(a— Z\EJ.;'F.\') dx
.‘(J;+lxz}
2

a

0

L [,
= 2[a' —-a +—a']
2

2 marks

e Correct solution

1 mark

e Establishes the correct
integral required to find
the desired result.

15(b)
(3.1

2a

ah 3m

3m

3

V= lim
Ah = 0
h=0

ol
108

Il
|
—_
O
=
—

I
|
(=)
e
|
\Db
p—

=—units
2

3
J(9 — hY dh
0

3

a=

O hy
6 % 36’
_O-hy

108

A(h)=

1 2
AV=—"A9-h)y 4h
108 )

1 )
——9— hY A}
10a° M4k

3 marks

e Correct solution

2 marks

e Establishes an integral
that would find the
correct volume

e Finds a volume from an
integral that used the
formula from part (a)

1 mark

e Finds the area of the
cross-sectional face

e Establishes an integral
using the formula from

part (a)

15(c) (i)

mx = mg — mkv
x=g—kv

Terminal velocity occurs when x =0

0=

mkv

HL‘\"

mg

2 marks
Correct solution

1 mark

¢ Acknowledges the
condition for terminal
velocity

e Correct force diagram
Note: force diagram
does not have to have
resultant force drawn




Solution Marks | Comments
- ) % s 2 marks
15(c) (ii) mx=mg—m| kv+—v Correct solution
2 7g 1 mark
X=g—kv-—v e Establishes a quadratic
] . . that will lead to a
Terminal VelOClty occurs when x =0 correct answer.
2
e
_1’24‘!\'1’—}_{:0 2
¥ 5
2k +ghkv—g =0
(kv — gXkv+g)=0
V="— 0r v= — £
k
Butv>=0 , =« v=i
2k
dv 2 marks
15(c —=g-k .
(c) (i dt E=%Y Correct solution
T :T 1 mark
) d e Correct integrand in
'|'J
Jd.f = J terms of v
g—kv 2
] 0
1 [In(g — kv 5
L= =~ I[ h
13
T'=—In—-
k2
15(d) When n =0; There are 4 key parts of
_— . S
LHS = LHS = cos 2° @ RuS =30 <& the induction;
=cos a 2sina 1. Proving the result
_ 2sinacosa trueforn=0
2sina 2. Clearly stating the
=cosa assumption and what
~LHS=RHS is to be proven
Hence the result is true forn = 1 3. Using the assumption
. _ . . in the proof
Assume the result is true for n = k wherek is an integer 4. Correctly proving the
. sin(Zk o a] required statement
i.e.cos @ cos 2a cos 4a..cos 2" @ ="
Prove the result is true for n=k + 1 2o 3 marks
rove the result 1s true for n = i o Successfully does all
) o sin (2 'a) of the 4 key parts
i.e. cos a cos 2a cos 4a...cos 2 a= T 2 marks
sm.d 3 « Successfully does 3 of
PROOF: . _ . the 4 key parts
cos a cos 2a cos 4a...cos 2 @ = cos @ cos iaf cos 4a...cos 2* acos 2 a 1 mark
3 K+ 1
sinl2” a £+ o Successfully does 2 of
=T Xcos2 o« the 4 key parts
sm a

EX 2sin 2k_ Im:os 2k_ Iar

k+1 .
2_ sina
_sin(zxz“‘alj‘

K+l
2x 2 sina
sin2 “a

2 sina
Hence the result is true forn =k + 1, if it is true forn =k

Since the result is true for n = 1, then it is true for all positive integers by induction.




Solution | Marks | Comments
QUESTION 16
16(a) (i) all numbers between 10 000 and 100 000 contain 5 digits, so we could have 2 marks
Four l’sanda 2 =5C4 o Correct answer
Three 1’s and two 2’s =5C; 1 mark
Two 1’s and three 2’s =5C, ) e Breaks the problem
A 1 and four 2’s =3C;, into logical cases
Total numbers =35C; +35C; + 3C3 + 3C4 e Finds the amount of
—2_9 numbers for at least
-30 one case
16(a) (ii) There are °C; pairings of two digits, not including 0 2 marks
Total numbers (not using 0) =2C, x 30 e Correct answer
= 1080 1 mark
If 0 is included, it cannot occupy the first spot e Splits the problem
Total numbers (using 0) =9 X (4Cy + 4C) +4C, +4C3) 2 into valid cases, and
—9x (24 B l) correctly finds one of
135 these cases.
Total numbers = 1080 + 135
= 1215
: 3 marks
I= JJI (1-x) dx e Correct solution
2 marks
0 .
| e Substantial progress
2 (I b towards a solution
=[Zx x| + —J-YJ;(I -Xx) dx using logical
3 o 3 .
0 techniques
I ! 1 mark
- EJ. (= xNx (1= xf "dx+ EJ.J: (-x) " dx 3 o Attempts to create the
3 ! 3 g reduction formula by
I o) using integration by
= ==yl g parts, or similar merit.
3 3
3, =-2nl,+2nl, ,
2n+3)¥,=2nl,_,
2
}!" _ N ],, ;
2n+3
.. 6 1 mark
16(b) (ii) I,==1,
(b) (i) 15 9 - e Correct uses formula to
_2 x 4 x | reduce down to
112
=== =] —J&dx
2R 105
1 0
16 1
= —JJ; dx
105
0 1
16 k]
105" 3 0
_32
315




Solution Marks Comments
16(c) (i) Xy =k 2 2 marks
2 2 3 e Correct solution
4+ iy — yv ;= )
(x+y )[.\ xy+y J («z +yE ) 1 mark
B SN = P e Uses x + y = k and the
=x —x(tk—x)+ (k- x)2 sum of two cubes in an
o hx Ak kX attempt to show the
) ) given result, or
=k — 3kx+ 3x equivalent merit.
2 2 2
] 42—k 3k~ 12kx+ 120 1 1 mark
16(c) (ii) 3 3 o Correct solution
=k~ x4
= (k- 2\*)2 which is a perfect square
32
4 -k 3 2 2 2 marks
16(c) (iii) ; =0 z =k — 3x(k - x) « Correct solution
3T, as k 2‘) xthen (k —x)>0 1 mark
423_k 72 0 ok —3.‘((;{—4\']}0 A 3 . k?
4z 2!2{ i e e shows z = 1
2> k- o shows 2° <k~
4
2
thus = < 2 <&
4
. 3 4z’ — 400 2 2 marks
16(c) (iv) Ifk = ZQ, 100 £ z° <400 However T]S a perfect square e Correct solution
~ zis either 5,6 0r7 3 1 mark
4z — 400 2 .
thus z=7 —— =324=18 e Finds z

Further 20— 2x= 18
x=2
x=1

ax=1,y=19,z=17
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